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To solve difficulties related to the use of nuclear density functional theory applied in its beyond
mean-field version, we introduce a semi-contact 3-body effective interaction. We show that this in-
teraction is a good candidate to replace the widely used density dependent effective interaction. The
resulting new functionals are able to describe symmetric, neutron, polarized and neutron polarized
nuclear matter as well as the effective mass properties simultaneously.
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Strongly interacting fermions can exhibit peculiar be-
havior in the infinite system limit from very dilute to
very dense matter. In such systems, the zero temper-
ature equation of state (EOS), or energy per particle
E/A, can be displayed in terms of the densities of various
constituents. Rather commonly, specific medium effects
take place and lead to an energy that is a functional
that depends on non-integer powers of the density. This
stems from the fact that a natural expansion parameter
for homogenous infinite system is the Fermi momentum
kF that is proportional to ρ
1/3, where ρ is the matter
density. A seminal example is the Lee-Yang formula for
E/A that holds for any diluted Fermi systems with short
range interaction [1, 2] and contains a term proportional
to ρ4/3. A more recent example is the universal class of
Fermi systems at unitarity, where a ρ2/3 dependence [3]
is supported by ab-initio calculations. Cold atoms or
neutron matter at low density can enter into this class
of systems [4, 5]. In phenomenological approaches, as in
the nuclear Density Functional Theory (DFT) [6], this
density dependence of the functional has to be mimicked
one way or the other. Indeed, in nuclear systems, an
indirect evidence of the necessity to have a term that be-
haves like ρ1+α with 1/6 6 α 6 1/3 in the energy, is the
difficulty to reproduce both the compression modulus of
nuclear matter and the quasiparticles effective mass at
saturation with integer powers of the density only [6].
A clear view of the density dependence of the energy
is crucial to design an accurate DFT for the considered
many-body problem. In finite systems, it might be nec-
essary to go beyond the mean-field approximation by
accounting for quantum fluctuations in collective space
and restoring some symmetries that were broken to in-
clude correlations into a compact functional. An exam-
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ple is the treatment of superfluidity in small supercon-
ductors or nuclei that can be included by breaking the
U(1) symmetry [7, 8]. It was shown recently that sym-
metry restoration within DFT requires a functional that
is strictly derived from a N-body Hamiltonian to avoid
pathologies in the energy of the symmetry restored states
(see for instance [9–11]). It is for instance not possible
to use a functional that depends on non-integer powers
of the density [12], due to the necessity to extend the
functional theory to the complex plane. The afremen-
tioned pathologies are rooted in the violation of the Pauli
principle and the occurrence of self-interaction. This has
renewed the interest in deriving a DFT from a pseudo-
potential approach. In that case, the Hartree-Fock ex-
pression obtained from an effective Hamiltonian is used
to provide the functional whose parameters have to be
fitted – at the mean-field level or beyond – on data.
Recently, efforts have been made to extend functionals
based on zero-range interactions of increasing complexity
to overcome the difficulties arising from beyond mean-
field calculations [13, 14]. While very useful to get a Lo-
cal Density Approximation (LDA) for the functional, it
is not yet clear if contact interactions can be used to pro-
vide a convenient solution to the problem. For this rea-
son, DFT based on finite range pseudo-potential might
appear as an alternative solution [15–17]. A first step
in that direction has been made in Ref. [18] where a 3-
body force was proposed to describe fermions in the low
density limit.
Here, we explore the possibility to use a density-
independent 3-body interaction to get a functional that
mimic non-integer power dependences. By imposing
the translational invariance, a 3-body interaction can
only depend on the Jacobi coordinates rij = (ri − rj),
Rkij = rk − (ri + rj)/2 where (ri, rj , rk) are the coor-
dinates of three particles, (i, j, k) in an arbitrary frame.
A general 3-body interaction can a priori have a finite
range in both these coordinates. Below, we consider the
case where the interaction is a contact interaction in Rkij
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2and call it a 3-body semi-contact interaction. It has the
advantage to be more flexible than a 3-body contact in-
teraction. To characterize it further, we consider three
particles with spin (and possibly isospin) degrees of free-
dom that interact through v¯ijk = (vijk + vikj + vkij)/3
with
vijk =
{
V0(r) + Vσ(r)Pσ + Vτ (r)Pτ + Vστ (r)PσPτ
}
× δ
(
rk −
[
ri + rj
2
])
, (1)
where the short-hand notation r = |ri− rj | is used while
Pσ (resp. Pτ ) exchanges the projections of spin (resp.
isospin) of the particles i and j. Note that, the interac-
tion can be used without isospin exchange operators in
case it is applied to fermions with spin degrees of freedom
only by omitting the two terms with Pτ in Eq. (1). The
functions Vα(r) with α = 0, σ, τ and στ correspond to
the 2-body interaction acting in different channels. For
simplicity, we assume that they can be written in terms of
a smooth normalized function g as Vα(r) = vαg(r) where
v0, vσ, vτ and vστ are independent strength parameters.
cSM1 c
SM
2 c
NM
1 c
NM
2 c
PM
1 c
PM
2 c
PNM
1 c
PNM
2
v0 1 -1/4 1 -1/2 1 -1/2 1 -1
vσ 1/2 -1/2 +1/2 -1 1 -1/2 1 -1
vτ 1/2 -1/2 1 -1/2 1/2 -1 1 -1
vστ 1/4 -1 +1/2 -1 1/2 -1 1 -1
TABLE I: Correspondence between the coefficients (c1, c2)
and the interaction strengths. Table gives coefficient ykα de-
fined as ck =
∑
k ykαvα are reported here.
The functional associated to the semi-contact 3-body
interaction is directly obtained from its Hartree-Fock ex-
pression for the energy. We focus here on infinite systems
and introduce the Fermi momentum kF and the density
of the Fermi gas ρ = d k3F /(6pi
2) where d is the degen-
eracy that depends on the specific situation. We con-
sider the four following cases: symmetric nuclear matter
(SM) with d = 4, neutron matter (NM) and spin polar-
ized matter (PM) with d = 2 and spin polarized neutron
matter (PNM) with d = 1. A lengthy but straightfor-
ward calculation shows that the energy per particle can
be written
Eρρρ
A
= c1
ρ2
6
∫
d3r g(r)
[
1− c3f(kF r/2)2
]
(2)
+c2
ρ2
6
∫
d3r g(r)
[
f(kF r)
2 − c3f(kF r)f(kF r/2)2
]
,
where the function f is expressed in terms of the first
spherical Bessel function as f(x) = 3j1(x)/x. The coeffi-
cients c1, c2 and c3 depend on the specific channel. One
has c3 = 1/2 for SM, 1 for both NM and PM and 2 for
PNM. The correspondences between the coefficients c1
and c2 and the parameters vα are given in table I. Eq. (2)
can serve, given a specific function g associated to the
range a, to get expansions in powers of (kFa) and obtain
the low density behavior. Note that, if a 2-body interac-
tion is used with same finite range part as in Eq. (1), the
energy is identical to Eq. (2) with c3 = 0 and ρ
2/6→ ρ/2.
In this case, the functional will be denoted by Eρρ. In
SM, the limit for a zero-range 2-body and 3-body inter-
action is obtained by setting g(r) = δ(r) and gives
Eρρzero
A
=
3
8
t3ρ,
Eρρρzero
A
=
t3
8
(1− c3)ρ2, (3)
with t3 = 4(c1+c2)/3. Note that for NM, PM and PNM,
Eρρρzero cancels out as expected.
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FIG. 1: (color online) F3(kF a) as a function of (akF ) ob-
tained by adjusting the cSM1 and c
SM
2 to get a dependence
similar to 1/(akF ) [α = 2/3] (red solid line) or 1/(akF )
2
[α = 1/3] (blue dashed line). The reference curves 1/(akF )
(red filled circles) and 1/(akF )
2 (blue filled diamonds) are also
shown. The horizontal dotted line indicates the zero-range 3-
body interaction limit [α = 1]. The fit has been made for
(akF ) ∈ [1.25, 1.75], note that in nuclear physics (akF ) ' 1.5
at saturation.
In the present work, we are interested in intermedi-
ate density region (around the equilibrium configura-
tion) where deviation from the limits (3) is anticipated
for finite-range interaction. To further progress, we as-
sume that g is a normalized gaussian function g(r) =
e−(r
2/a2)/(a
√
pi)3. In that case, using the same technique
as in Ref. [16], integrals in Eq. (2) become analytical
functions of x = (akF ), leading to
Eρρρ
A
=
ρ2
6
{c1 [1− c3F1(x)] + c2 [F1(x/2)− c3F2(x)]}
≡ ρ
2
6
F3(akF ) , (4)
with
F1(x) =
12
x6
(
1− e−x2
)
− 6
x4
(
3− e−x2
)
+
6
√
pi
x3
Erf(x) ,
3and
F2(x)=
288
x8
(
−e− x
2
4 − e−x2
)
− 24
x6
(
12 + e−x
2 − 7e− x
2
4
)
+
12
x4
(
4e−
x2
4 − 7e−x2
)
+
6
√
pi
x3
[
8 Erf(x)− 7 Erf (x2 )]
+
36
√
pi
x7
(
4
x2
− 9
)[
Erf(x)− 2 Erf (x2 )] .
Therefore, a density dependence ρ1+α for the energy per
particle (as given by the commonly used density depen-
dent Skyrme or Gogny interactions) can be locally ob-
tained if F3(akF ) ∝ (akF )3(α−1) ∝ ρα−1. Adjusting
the parameters c1 and c2, our semi-contact 3-body inter-
action can thus approximate the desired density depen-
dence in a given range of the density. This is illustrated
in Fig. 1, for α = 1/3 and α = 2/3. The functional
associated with the 3-body force can fairly well repro-
duce the effect of a density dependent interaction with
a non-integer power of the density. Systematic analyses
have shown that the present interaction is suitable for
density dependence ρ1+α of the energy per particle with
0 6 α 6 1. However, for very small α, i.e. α 6 1/6, the
fit starts to deteriorate.
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FIG. 2: (color online) Scalar-Isoscalar effective mass (a) and
equations of state (b) of SM (red), NM (blue), PM (green)
and PNM (black) as a function of density obtained with the
SLy5 functional (markers) and with the Skyrme [2-body] +
3-body functional (lines), called SLy53b. In the inset, the con-
tribution of the 3-body functional to the energy per particle
in symmetric matter is represented. A simple function pro-
portional to ρ1+α has been adjusted on it with α ' 1/3 for
an optimal fit in the vicinity of saturation density.
One of the recurrent difficulties of nuclear DFT based
on zero-range interactions is the impossibility to con-
jointly get the proper EOSs in infinite matter and a rea-
sonable behavior of the effective mass [19, 20]. The use
of finite-range 3-body interaction automatically induces
a contribution to the effective mass given by
~2
2m∗
=
ρ20a
2
4
[
cSM1
24
M1
(x
2
)
− c
SM
2
3
M1(x) +
cSM2
8
M2(x)
]
,
in SM, with
M1(x) =
12
x6
(
e−x
2 − 1
)
+
6
x4
(
e−x
2
+ 1
)
,
and
M2(x) =
576
x8
(
e−x
2 − e− x
2
4
)
+
288
x6
+
144
√
pi
x7
(
2
x2
− 3
)[
2 Erf
(
x
2
)− Erf x] .
As it can be done for the energy, the 3-body inter-
action parameters can be adjusted to reproduce spe-
cific behavior of the effective mass as a function of den-
sity. For instance, it might be used to get the proper
ρ2/3 dependence predicted by the Galitskii formula (see
Eq. (11.62) of Ref. [2] and Ref. [21] for a recent discus-
sion). An alternative situation is presented below, where
we show that the 3-body semi-contact interaction con-
jointly used with a 2-body density independent interac-
tion can appropriately describe the Skyrme prescription,
i.e. (m∗/m) ∝ (1 + θρ)−1 where the expression of the
parameter θ can be found in Ref. [22].
In the nuclear context, it has recently become evi-
dent that the LDA-DFT with non-integer powers of the
density leads to severe problems to describe fluctuations
along collective coordinates or restore broken symme-
tries [12]. Here, we will show that the semi-contact 3-
body interaction can replace the density dependent term
used with standard functionals. To be considered as a
practical tool, we should be able to find a set of pa-
rameters that (i) provides a reasonable description of
all spin/isospin channels simultaneously (ii) conjointly
describes the expected density dependence of the effec-
tive mass. In the past, requirements (i) and (ii) have
been successfully fulfilled using a density dependent term.
More recently, a zero-range density independent interac-
tion that could meet these criteria was introduced [14]
using 3-body velocity dependent terms. While possibly
more difficult to implement, the semi-contact 3-body in-
teraction limits the need of velocity dependent terms with
the advantage that it might give a better control on the
unwanted finite-range instabilities [23].
To illustrate that the new interaction can be em-
ployed successfully in the nuclear DFT context, we have
considered two commonly used functionals based on
density dependent interaction, namely a Skyrme (zero-
range) [22, 24, 25] and a Gogny (finite-range) [26, 27]
functional. More precisely, we respectively considered
the SLy5 [28] and D1M [29] sets of parameters. These
two functionals are known to provide meaningful descrip-
tion of the EOSs in different spin-isospin channels as well
as reasonable effective mass (see Figs. 2 and 3) and serves
below as reference EOSs.
4t0(GeV fm
3) t1 (GeV fm
5) t2 (GeV fm
5)
-1.283 (0.05%) 0.874 (0.18%) -0.808 (0.69%)
x0 x1 x2
0.29 (1.8%) 0.51 (1.8%) -1.08 (0.03%)
v0 (GeV) vσ (GeV) vτ (GeV) vστ (GeV)
-15.03 (0.56%) 24.13 (0.82%) 24.99 (0.65%) -42.12 (0.25%)
W1 (GeV) B1 (GeV) H1 (GeV) M1 (GeV)
7.60 (1.3%) 2.54 (5.4%) 2.18 (5.8%) -1.47 (8.0%)
W2 (MeV) B2 (MeV) H2 (MeV) M2 (MeV)
-1047.97 (0.80%) -86.54 (10%) -681.06 (1.3%) 47.07 (10%)
v0 (GeV) vσ (GeV) vτ (GeV) vστ (GeV)
-14.65 (1.1%) 30.06 (0.82%) 19.02 (0.96%) -42.71 (0.49%)
TABLE II: Parameters of the SLy53b (left) and D1M3b (right). We use here standard for the 2-body interaction parameters,
see Refs. [28] and [29]. In both cases, the range is fixed to a = 1.2 fm. In the Gogny force case, the finite-ranges of the 2-body
interaction have been kept equal to their original D1M values, µ1 = 0.5 fm and µ2 = 1.0 fm. The uncertainty on parameters
values, indicated in percent have been obtained using standard covariance analysis.
We consider the original functionals and replace the
density dependent term by the functional deduced from
the 3-body semi-contact interaction. Doing so, the en-
ergy density functional can then be truly considered as
the Hartree-Fock functional derived from a many-body
Hamiltonian. Then a global fit is made using the new
functionals that are respectively labelled SLy53b and
D1M3b below. The parameters have been adjusted to
reproduce the four EOSs (SM, NM, PM and PNM) and
the (scalar-isoscalar) effective mass simultaneously. The
details of the fitting protocole are given in the supple-
mental material [30]. A range a = 1.2 fm, which is op-
timal for the fit on the D1M results, was chosen for the
range of the semi-contact term. Note that all parame-
ters have been used for the fit except the ranges of the
2-body part that have been kept equal to the original
D1M case. Altogether, the fit was made using respec-
tively 10 and 12 parameters for the SLy53b and D1M3b.
Optimal parameters values are given in table II. As it can
be seen on both Figs. 2 and 3, an accurate reproduction
of the original EOSs is obtained along with the proper
density dependence of the effective mass. In particular,
the spin polarized matter properties that is difficult to
grasp if a strict zero-range interaction is used, is well
accounted for. We see that the properties that charac-
terize the saturation point in SM, i.e. saturation density
ρsat, binding energy per particle B, effective mass m
∗/m
and compression modulus K∞, are reproduced with de-
viations between targeted and obtained values that are
typical for nuclear EDFs. The values of these quantities
obtained from SLy5 and D1M are compared with those
computed from the new functionals in table III.
The new functionals SLy53b and D1M3b, where the
density dependent term is replaced by the semi-contact
3-body interaction, provides a very good reproduction
of the saturation properties of the reference functionals,
SLy5 and D1M, for all considered cases. In particular,
the compression modulus that was one of the motivations
for the introduction of the ρα term in the Skyrme and
Gogny interactions has a reasonable value.
In the present work, a simplified 3-body interaction is
used to construct a density functional theory. It is shown
that this new interaction can mimic the behavior of den-
sity dependent interactions used in the nuclear context.
This interaction solves two important difficulties encoun-
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FIG. 3: (color online) Same as figure 2 except that the
Gogny-D1M (markers) and D1M3b (lines) are shown. In the
insert, again α ' 1/3 is found as optimal.
SLy5 SLy53b D1M D1M3b
ρsat [fm
−3] 0.160 0.161 0.165 0.165
B/A [MeV] -15.98 -15.42 -16.02 -15.82
K∞ [MeV] 229.92 236.59 224.98 228.58
m∗/m 0.697 0.691 0.746 0.744
TABLE III: Values of the saturation density ρsat, binding
energy E/A, compression modulus K∞ and isoscalar effective
mass m∗/m for the functionals considered in this work.
tered in the applicability of nuclear DFT. First, it pro-
vides a correct description of saturation properties and a
reasonable description of the infinite matter equations of
state in various spin-isopin channels as well as the effec-
tive masse density dependence for a wide range of den-
sities. Second, by replacing the pathological term ρα in
the functional by a density independent interaction, the
new functionals can be used in a DFT Multi-Reference
framework for instance to restore symmetries or to ac-
count of configuration mixing beyond the independent
particle picture.
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